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Abstract
We propose a simple Ansatz for the quark mass matrices based on the as-
sumption of a power structure for the matrix elements and the requirement
of maximal predictability. The four independent mass ratios in the up and
down quark sectors, as well as the four parameters of the CKM matrix are
expressed in terms of only one real parameter and one phase. A good fit to
the present experimental data is obtained and the position of the vertex of
the unitarity triangle, i.e. (ρ¯, η¯), is predicted.






Understanding the pattern of fermion masses and mixings is one of the fundamental
questions in particle physics that still remain open. Several approaches have been suggested
in the literature, leading to various Ansa¨tze for fermion mass matrices [1,2]. A gure of
merit of any given Ansatz is its predictability power which, obviously, is maximal when a
minimal number of free parameters is introduced. It is then natural to ask what is the
maximal predictability one may achieve under some rather general assumptions. Using the
minimal supersymmetric standard model (MSSM) as a guideline, let us assume that there
are two Higgs doublets, with vacuum expectation values vu and vd . We then expect the up
and down quark mass matrices to depend on two independent overall constants au and ad;
which are directly related to vu and vd but not to the flavor structure of Yukawa couplings.
From this observation, it follows that maximal predictability in the quark sector is achieved
if the quark mass matrices, apart from the overall constants au; ad; depend only on a single
real parameter  and a single phase ’: The inclusion of a phase reflects, of course, the
implicit assumption that the Kobayashi-Maskawa [3] mechanism is one of the sources of CP
violation chosen by nature. Obviously, it does not exclude the existence of other sources of
CP breaking.
In this letter we address the question of whether it is possible to have an Ansatz for
the quark mass matrices which, on one hand, has maximal predictability as dened above
and, on the other, is in agreement with our present knowledge on the quark masses and the
Cabibbo-Kobayashi-Maskawa (CKM) matrix. The predictive power of such an Ansatz can
be appreciated by noting that since au; ad drop out of quark mass ratios, in an Ansatz with
maximal predictability, the four independent quark mass ratios (two in each charge quark
sector) and the four parameters of the CKM matrix are expressed in terms of only one real
parameter and one phase.
One of the diculties in attempting to obtain the correct pattern for the Yukawa cou-
plings stems from the fact that in the standard model (SM), as well as in the MSSM, the
quark mass matrices contain a large redundancy. Indeed, if one starts from a given weak
basis (WB) where the charged currents are diagonal and real, while the quark mass matrices
Mu, Md are in general non-diagonal, then one is free to make a WB transformation under
which M0u !WyuL Mu WuR; M0d !WydL Md WdR; while the charged current remains




d) contain, of course,
the same physics. If there is a fundamental symmetry principle responsible for the observed
pattern of quark masses and mixings, only in an appropriate basis will this symmetry be
\transparent". In our search for Yukawa structures with maximal predictability, we will
restrict ourselves to WB where Mu;Md are hermitian matrices. We will also choose the so-
called heavy WB, where both Mu;Md are close to the chiral limit where Mu = diag(0; 0; mt)
and Md = diag(0; 0; mb). We will further assume a simple power structure for the entries
of both Mu;Md; where deviations from the above chiral limit are measured by a small pa-
rameter ; which turns out to be of the order of the Cabibbo angle. Such a structure could
arise within the framework of the Frogatt-Nielsen mechanism [4]. Using simplicity and the
requirement of maximal predictability as guiding principles, we are led to the following














The matrices Mu and Md are diagonalized by the usual bi-unitary transformations
Uyu  Mu  Uu = Du; Uyd  Md Ud = Dd; where Du = diag(−mu; mc; mt) and Dd =
diag(−md; ms; mb). The CKM matrix V is then given by V = Uyu  Ud. From Eqs. (1)
and (2) one derives the following approximate hierarchical relations for the up and down
quark masses
mt : mc : mu  1 : 7/2 : 15/2;
mb : ms : md  1 : 5/2 : 9/2: (3)

















Let us now consider the quark flavor mixings predicted by our Ansatz. Using Eqs. (1),
(2) we can analytically determine the CKM matrix elements in powers of . We obtain








jVcbj  jVtsj  2;
jVtdj  3 − 4 cos ’;









mu=mc, jVusj can also be written as:
jVusj 









The relation of Eq. (6) is closely related to the fact that we assumed texture zeroes in the
(1,1) matrix elements of Mu and Md: These texture zeroes are present in a large class of






















 (sin ’− sin 2’) + 2(sin 3’− sin 4’):
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Finally, the angles of the unitarity triangle read as
sin 2 =
2[2 + (− 1)]
[2 + (1− )2](2 + 2)  sin 3’− (sin 2’− sin 4’);
sin 2 =
2(1− )
2 + (1− )2  2(sin ’− sin 2’); (8)
sin2 γ  1
2
(1 + cos 3’)− 
2
(cos ’− cos 5’):
Note that by denition  +  + γ = .
As a numerical example, let us take as input parameters au = 360 GeV, ad = 6 GeV,
 = 0:2 and ’ = 2:2. The diagonalization of the mass matrices (1) and (2) yields the
following mass spectrum at 1 GeV scale
mu = 2:1 MeV; mc = 1:3 GeV; mt = 360 GeV;
md = 4:6 MeV; ms = 102 MeV; mb = 6 GeV; (9)
and the CKM matrix
jVj =
 0:975 0:222 0:00280:2218 0:9743 0:039
0:009 0:038 0:9992
 : (10)
Finally we can evaluate J ,  and  as dened in Eqs. (7) to obtain J = 2:35  10−5;  =
0:01;  = 0:32; which are within the present experimental limits [6]. The angles of the
unitarity triangle are then predicted from Eqs. (8) and one obtains sin 2 = 0:52; sin 2 =
0:58; sin2 γ = 0:999 : The results presented in the above numerical example are exact, no
approximations have been made. One of the salient features is the fact that γ is predicted to
be close to =2: The physical implications of the present Ansatz can be readily understood. It
can easily be seen that, in leading order, the phase ’ does not aect the quark mass spectrum
which, apart from the overall constants au; ad, depends only on : Once  is determined from
the observed quark mass spectrum, one can determine ’ from Eq. (6), using the fact that
jVusj is experimentally known with high precision. All the other CKM matrix elements are
then predicted, in particular the values of  and :
In the Ansatz of Eqs. (1)-(2), we have assumed a particular position for the phase ’:
Obviously, there is no fundamental reason to choose this position, and at present there is
no clear guideline on the place(s) where the phase should appear. A possible motivation for
placing the phase in the rst line and rst column stems from the assumption that the rst
generation decouples from the other two in the chiral limit where both mu; md vanish. If
one makes this assumption, CP violation only arises in the last stage of symmetry breaking
where mu; md are generated and the rst generation mixes with the other two. Even within
this framework, another possible choice for the position of the phase is placing it in the (1,3)
element. In order to illustrate the eect of making a dierent choice for the position of the
phase, we consider a variant of our Ansatz, where Mu remains as in Eq. (1), while the down








Since the phase ’ appears only through negligible terms in the determinant, it is clear
that the quark mass spectrum coincides with the one given by Eq. (3). Furthermore, it
can readily be checked that the two Ansa¨tze are equivalent when one chooses ’ = 2=3 for
Ansatz I (Eqs. (1),(2)) and ’ = −2=3 for Ansatz II (Eqs. (1), (11)). For the CKM matrix
elements we obtain the following approximate analytical expressions:




jVusj  jVcdj  − 2 cos ’;
jVubj  24 jsin ’j ; (12)
jVcbj  jVtsj  2;
jVtdj  3 − 4 cos ’;




and for the parameters of the unitarity triangle:
J  −27 sin ’ ;
  2(1− cos 2’); (13)
  −2 sin ’− 2 sin 2’;
sin 2  −2 sin ’− 32 sin 2’;
sin 2  −4 sin ’− 22 sin 2’; (14)
sin2 γ  1− 2 sin2 ’:
As a numerical example, let us assume au = 360 GeV, ad = 6 GeV,  = 0:2 and ’ = −1:8.
The diagonalization of the mass matrices (1) and (11) yields the same quark masses as in
Eq. (9). For the CKM matrix we have
jVj =
 0:976 0:218 0:00310:218 0:9752 0:039
0:0084 0:038 0:9992
 : (15)
Finally the parameters of the unitarity triangle are J = 2:5  10−5;  = 0:07;  = 0:35
and the angles are determined by sin 2 = 0:32; sin 2 = 0:65; sin2 γ = 0:96 :
In Fig. 1, we show the predictions for ;  implied by the Ansa¨tze considered in this
letter, corresponding to Eqs. (1),(2) (Ansatz I) and Eqs. (1),(11) (Ansatz II), taking into
account the allowed range for the quark mass spectrum and the CKM matrix elements [7],
in particular the value of jVusj. Within the SM, there are several constraints on ,  arising
from a variety of sources (see e.g. [6], [8] for details). We see from the gure that the
predicted range for  and  in both Ansa¨tze is consistent with the presently allowed region
in the  −  plane. Furthermore, it is clear that the Ansa¨tze predict that the values of ,
 should lie in a rather small region. These predictions will soon be tested in the various
B-factories, through the measurement of CP asymmetries in B0-decays.
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Finally we would like to comment on the validity of the proposed Ansa¨tze at high energy
scales. Since the parameters ; ’ in the quark mass matrices are directly related to the CKM
matrix elements and the latter are known to be mainly scale independent [9], we expect our
Ansa¨tze to remain valid at a high energy scale. Of course, the two overall constants au; ad will
correspondingly evolve with the energy scale, reflecting the fact that the Yukawa couplings
change under the renormalization group equations.
In conclusion, we have shown that it is possible to have patterns for the Yukawa couplings
with maximal predictability, where the quark mass ratios and the four parameters of the
CKM matrix are given in terms of only one real parameter and one phase. We have also
shown that the position of the non-vanishing phase in the quark mass matrices, does play a
ro^le in the predictions of the Ansa¨tze for the small CKM elements, namely jVubj and jVtdj.
The Ansatz we suggest predicts that the location of the vertex of the unitarity triangle
should be conned to a very small region in the −  plane. In particular, in both variants
of the Ansatz the angle γ is predicted to be close to =2:
We have not addressed the more fundamental question of the origin of the power structure
in the quark mass matrices and possible symmetries responsible for it. A detailed study is
certainly called for but beyond the scope of this letter.
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FIG. 1. Allowed region in the (ρ¯, η¯)-plane for the Ansa¨tze I (Eqs.(1),(2)) and II (Eqs.(1),(11))
considered in this letter. The shaded-in area to the right of the ∆MBs curve corresponds to
the experimentally allowed region in the SM, taking into account the experimental values of jεj ,
jVubj / jVcbj , ∆MBd and the lower bound on ∆MBs .
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